Motivated by the double pendulum equation we consider Lagrangian systems with potential V = V(t, q) periodic in each of the variables t, q = (q].qN). We study periodic solutions for the corresponding equation of motion subject to a periodic force / = f(t). If / has mean value zero, the corresponding variational problem admits a Z symmetry which yields N + 1 distinct periodic solutions (see [9] ). Here we consider the case where the average of /, though bounded, is no longer required to be zero. We show how this situation becomes more delicate, and in general it is only possible to claim no more than two periodic solutions.
Introduction
Let q, Ç eRN and ieR.
Given the potential V = V(t, q), consider the time-dependent Lagrangian ( 
0.1) &(q,i,t) = $A(t,q)Z-t-V(t)q)
(Here • stands for the usual scalar product in R^.) where A = A(t, q) is a symmetric, positive definite N x N matrix. The equation of motion for the corresponding mechanical system subject to the forcing f = f(t) eRN is given by (a2) TtW{q'9,t)~W{q'9,t) = f{th
Assuming A = A(t, q), V = V(t, q), and / -f(t) time-periodic with same period T, a natural question to ask is whether or not (0.2) admits T-periodic solutions. Obviously the answer depends upon the nature of the potential V. Motivated by the double pendulum equation we shall consider periodic potentials. More precisely, given Tk > 0, k = I, ... , N, assume V = V(t,q) G C1 and V(t + kT, q + (kj,, ... ,kNTN)) = V(t,q) V(t,q) £RxRN and k,kseZ, s= 1,... , N ; A = A(t, q) € C is symmetric positive definite N x N matrix (A) and A(t + kT,q + (klTl,...,kNTN)) = A(t,q) V(t,q)eRx RN, k,kseZ, s= 1,... ,N.
This situation has attracted the attention of several authors (e.g., [2, 3, 4, 8] ) and multiple forced oscillations have been obtained for (0.2) provided the forcing term / = f(t) has mean value zero (i.e., J0 f(t) dt = 0 ). Here we investigate the problem without this restriction on the mean value of /. However, our physical intuition suggests that \j J0 f\ cannot be too large in order for (0.2) to admit periodic solutions. This can be seen rigorously if, for example, we consider the Lagrangian Sf{fl, j, £t, £2) = \((mx + m2)l\i\ + 2m2/,/2cos(0 -0)i,f2 + m2/2¿2) + Simi + m2)h cos^ + gtn2l2cos(¡) (g = constant of gravitation)
corresponding to a coplanar double pendulum with masses mi and length /;., i=l,2. Indeed, if f(t) = (fx(t), f2(t)), then in this case (0.2) reduces to for suitable t, , t2 e [0, 2n). This condition, however, is not sufficient in general. In fact, for example, if we take j f0 f= g(mx + m2)lx and j j0 f2 = gm2l2 then (0.3) admits a r-periodic solution only if f(t) = g(ml+m2)li and f2(t) = gm2l2 Vt. Thus the search of T-periodic solutions for (0.2) becomes a delicate problem, especially when J0 / ^ 0. To the author's knowledge the only known results in this direction are those obtained in [9] specifically for the Ar-pendulum equations.
Here we treat the case where only one of the / components, say the first one, has mean values zero. So we shall write f(t) = (f (t)+c, f2(t), ... , fN(t)) with ftfk =0, k=l,...,N and ceR.
Notice that under the given assumptions the problem admits a ZN symmetry, in the sense that if q = q(t) is a T-periodic solution for (0.2) so it is q(t) + (kxTx, ... , kNTN) Vks e Z, s = I, ... , N. This motivates the following Definition. qx = qx(t) and q2 = q2(t) are called distinct if So by the Ljusternik-Schnirelman theory one concludes that I0 admits at least N+l (= cup length TN+l ) distinct critical points (see [7, 8] and [3, 4] for sharper results concerning the A^-pendulum equation). This is no longer available when c^O, and in fact the behavior of Ic, as far as critical points are concerned, can be completely different from that of I0 even for very small c. This is illustrated by the following finitedimensional examples where, in analogy, we investigate the critical points for functions of the type Gc(xx, ... , xN) = g(xx, ... , xN) + cxx with g periodic in each variable. Similar conditions were introduced in [4] to obtain multiple forced oscillations for the double pendulum equation in case c = 0. See [3] , also, for extensions to the A^-pendulum case. Furthermore, it has been observed in [9] that pathologies of the kind portrayed by Examples 1 and 2 cannot occur for the ./V-pendulum equation, where much stronger multiplicity results hold provided m¡, /,, e¡(t), and T satisfy suitable conditions. For the simple pendulum equation, a result of the type of Theorem 1 was obtained by Mawhin-Willem [7] (see also [11] ).
The proof of Theorem 1 and applications. Set /(/) = (fx(t) + c, ... , fN(t)) with fk e L [0, T], /0 fk = 0, k = I, ... , N, and c e R. We seek solutions for the following problem d 85?, . , 35f,
As it is well known from classical mechanics, (weak) solutions of (l)c are the critical points of the functional rj-% T-i AT rr* *y-, Ic(q) = \l A(t,q)q-q-f V(t,q) + ^i fkqk + cf qx Our next goal is to obtain a priori estimates on q( independent of c¡. To this purpose let L be the Lipschitz constant of V, i.e.,
1.4) \V(t,q)-V(t,Q)\<L\q-Q\
for all teR, q,QeRN. Set fJt) = (f(t),..., Ut)). We have Notice that I is bounded from below in A, , , We shall obtain our first solution by showing that inf. 7. is achieved at an interior point of A, . . 
